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Screened Potential in n-Electron Systems and Its
Application to the Estimation of Excitation Energies

Kenji Yamaguchi

Department of Chemistry, The University of Tsukuba, Sakura-mura, Ibaraki 300-31, Japan

A diagrammatic technique was developed for the estimation of the screened
potential of n-electron systems. The screened potential was expanded in terms
of the polarization propagators which were constructed from either the singlet,
I't, or triplet vertex part, I'3. These vertex parts correspond to the singlet or
triplet excitations, respectively, in the Random Phase Approximation (RPA)
containing exchange diagrams. The excitation energies were calculated by
using the screened potential in the framework of RPA with exchange. The
excitation energies of several conjugated molecules with or without a hetero
atom are in agreement with the experimental data.
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1. Introduction

The excitation energies of a molecule are quantities of extreme importance in
considering the electronic states of the molecule. They can be determined directly
by use of the RPA method without the knowledge of the energies of the individual
states involved in the excitation process [1-4]. However, the RPA method has a
defect that the lowest triplet excitation energies calculated by this method turn
out to be imaginary. Shibuya and McKoy have introduced the higher RPA method
to remove this defect [5].

A previous paper [6] showed that the parameters based on Léwdin’s orthogonal
orbitals gave the triplet instability, even if the Green’s function involving second-
order perturbation terms was employed. On the other hand, the excitation
energies calculated by the semi-empirical parameters agreed well with the ex-
perimental values, even when only the first-order perturbation terms were taken
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into account [6]. These results indicate that the effect due to the electron repulsion
integrals is most important in the evaluation of the excitation energies, and that
the excitation energies will be improved by considering the effective interaction
including the correlation effect.

Gutfreund and Little [7] constructed the effective interaction by summing up
both the lowest ring diagrams and the diagonal parts of oysters, and calculated
the excitation energies of 7-electron systems in the framework of the configuration
interaction method. Tanimoto and co-workers [8] presented another type of the
effective interaction by using the ladder diagrams, and discussed the correlation
energies.

Cooper and Linderberg [9] applied the Coulomb hole and screened exchange
approximation, which was developed by Hedin [10], to the Pariser—Parr-Pople
(PPP) method [11]. In their treatment, 1) the PPP parameters were used as the
bare potential, and 2) the atom-atom polarizabilities, =,,, were expressed in
terms of the triplet vertex, Iy, ,, which corresponds to the triplet excitation in the
static case, and they were summed up into the effective interaction instead of the
lowest ring diagram. We regard that the PPP parameters are not appropriate as
the bare potential, since they contain inherently the screening effect. Moreover,
the contribution of the singlet vertex, I', , to the excitation energies has not been
examined.

In this paper, the values of the bare potential are calculated theoretically by
means of the Slater type orbitals [13], and the effective interaction, which involves
either the singlet vertex, I\ ,, or the triplet vertex, I'2 ., is derived by using

rs,t? rs,t?

diagrammatic techniques. The RPA with exchange, or equivalently the time
dependent Hartree—Fock (TDHF) method will be applied to the estimation of the
excitation energies. The evaluation of the matrix element is also discussed.

2. Theory

2.1, One-Particle Green’s Function [15, 16]
The one-particle Green’s function matrix in the o representation can be written as
G(@)=[G" ()~ (@], M

where G %w) is the Green’s function matrix for an unperturbed system, X(w),
the perturbation matrix termed self-energy. If one chooses a Hiickel-type
Hamiltonian, H,, as the unperturbed one and the first-order self-energy, £V, as
2(w), then

G(@)=[G" (w)-ZM]!
=[ol-(H,+£")] @
=[wl-F]7",
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where F is the Fock operator. If the Fock operator is evaluated by the PPP
approximation, the matrix elements of the Green’s function, G(w), become

oce unoce
Cki Cli + Cki Cli "

le(w): Za)—w.—ié Z

G)

—w,; +10

where w,’s are the eigenvalues of F and C, are the corresponding eigenvectors.
The matrix elements of the electronic interaction are approximated by the fol-
lowing form;

ng;,sqz der1 d”z¢;n(”1)¢:y,'("2) V([”1 “Vz})ﬁbsr,'(rz)qﬁqn(m)
zypr(l - 511?1’ 51”) 51"1 5VS’ 4

where ¢, is the p’th atomic orbital and n denotes the spin function. The first-order
irreducible self-energies are shown diagrammatically in Fig. 1. The diagram (a) is
evaluated from the Feynman-Dyson rule by

z:z(ll)z Z <Cli Cyvut Z 2C, Cpf?’l;;)a (5a)

i p(#1)

and the diagram (b) is also evaluated by

oce

Zl(r;)z = Vim Z Cy G (I#m). (5b)

Note that the diagram (a) represents the diagonal elements of the HF potential
and the diagram (b) the off-diagonal ones. The Green’s function matrix can be
obtained by an iteration method which is discussed in the following section.

2.2. Screened Potential

The screened potential [7, 97 is written as
:Prs = YVS Jr Z ’j;rt ntuyus > (6)
tu

and its matrix form becomes

=0t —#171 (N
where y,, is the bare potential and =,, represents the atom-atom polarizability. If
one multiplies the polarization propagator by the factor 2 and puts the frequency,

w, to be zero, then the resultant becomes the atom-atom polarizability, ,, [12].
This static screening case is treated. Eq. (6) is shown diagrammatically in Fig. 2(a).

N

Fig. 1. First-order irreducible diagrams (a) (b)
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Fig. 2. (a) Diagrammatic representation of

. . Eq. (6). (b) Dyson equation for the polar-

@ P s (e os i) ization propagator. (c) Equation for the
vertex part of the polarization propagator.

(d) Gutfreund and Little’s screened poten-

(d) S e 2 WVOW tial [7]

From this diagram, =, is constructed by the free propagated part, nuu .» and by
the vertex part, I', ,, and is written as
= Z TCSM;}‘SFVS,t
= an;rsprs,t’ (8)
T s = () ™ J-d(uGur(co)Gsv (). 9)

The polarization propagator in the RPA with exchange is represented diagram-
matically in Fig. 2(b), and the vertex part in Fig. 2(c).

The vertex parts for both the triplet and the singlet excitations are given by

re3=prm_pon (10a)
and
[r=rmyrnr, (10b)
respectively [17]. The triplet and the singlet vertices, I'y, , and I'y, ,, are derived
from Fig. 2(c) and Egs. (10a), (IOb);
0y Oy zvmz Tcrs uv uv Tz (11a)
Frls =0, 0 27rsz nrs up uv o370 Z (nrr T s, uu)Fuu z (11b)

where the bare potential, ., in Fig. 2(b) is replaced by the screened potential,
7., If one neglects the second or higher terms in.Eqs. (11a) and (11b), they become
Gutfreund and Little’s equations, and are shown in Fig. 2(d).

We propose the following steps for practical computation: Step 1: Calculate the
Green’s function, G(a)) by using the bare potential for the Fock operator, and
obtain the values of 7, . in Eq. (9).

Step 2: Choose the first term of Eqs. (11a), (11b) as the initial rx?, and obtain
,, from Eq. (8).

Step 3: Calculate the screened potential, 7., in Eq. (7), and construct the new
Green’s function, G(w), by using the ¥, .

Step 4: Replace the vertex, I'2}, in the right hand side of Egs. (11a), (11b) with the
previous ones.
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Compare the screened potential, 7., with that obtained in the iteration process
just before and this procedure is repeated until the self-consistency in the screened
potential is achieved. Note that the bare potential must be always inserted into
7, In Eq. (5a). Since our interest is to estimate the correlation between the inter-
acting electrons, the matrix elements of the one-particle operator are of less
importance. They are obtained from Ref. [11].

2.3. Excitation Energies

The excitation energies are calculated in the framework of RPA with exchange
by using the screened potential which was calculated in the previous section.
The complete details are given by Jergensen and Linderberg [14]. The equation
to be solved is

A B

~

det >
Y_B -4

=0, (12)

where the matrix elements are

A, 5= 050 (@,— @) + it | jB) ~ (i | af), (13a)

By, 1p="20c | jB)~ G | jo0), (13b)

Al 5= 0, 0,500, — ;)= (if | «f), (14a)

Bl = —(p ] j), (14b)
and

Wk =3 CpCoy Cp Cotpy- (15)

Here s refers to a singlet excitation and ¢ to a triplet excitation, and i, j are in
connection with occupied orbitals in the ground state and o, f with unoccupied
ones.

3. Results and Discussion
3.1. Benzene

The bare and screened potentials, together with the PPP parameters, and the
orbital energies for benzene are given in Table 1. The bare potentials were
calculated from Slater orbitals with Z=23.25. The screening effect makes the one-
center electron repulsion integral, y,,, small, and hence 7, has its value close to
the one of the PPP parameters. This means that the PPP parameters inherently
involve the effect of electron correlation. It is interesting that ,, is considerably
larger than y,,. This tendency was observed in the other molecules.

Using these potentials, the excitation energies of benzene were calculated. They
are listed in Table 2. The calculation with the bare potential gave an imaginary
value for the lowest triplet excitation energy. The PPP parameters gave rise to an
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Table 1. Bare and screened potential values and orbital
energies for benzene (in eV)

Bare® PPP® ['3 Screened® ['! Screened?

T 1731 1135 1151 12.81
iz 9.06 7.19 8.76 8.89
Tis 567 577 150 7.07
Tie 496 497 172 7.10
Orbital —10.57 —8.71 —9.90 ~10.10
energics —6.53 —5.60 —6.88 —6.83

2 Calculated with Slater orbitals, Z=3.25, C-C 1.397 A.
®Given by Parr [11].

¢ Calculated from Eq. (11a), f=—2.68, I,=11.16.
dCalculated from Eq. (11b).

Table 2. Excitation energies for benzene in various potentials (in eV)

I3 Screened F1 Screened
Aix | jB) Al 20 | jB) All
Bare PPP Bare® screened® Bare screened Exp.

Lgs 5.43 4.66 5.60 5.47 5.62 5.56 4.891181
lgs 6.88 5.88 7.58 5.60 7.63 5.62 6.17
les, 8.66 6.44 8.99 6.66 9.02 7.23 6.98
Ly, 10.51 8.13 9.09 8.99 9.57 9.57
lis, 11.09 8.56  11.58 9.23 11.38 9.57
g, 1447 11.50 13.01 11.67 13.29 12.36
35t — 2.21 4.23 3.41 3.9501%
3z, 4.33 4.11 5.13 5.02 4.75
3p.. 5.43 4.66 5.60 5.62 5.60
3es, 5.43 5.85 7.29 6.97 6.75
35 11.09 8.56 8.99 9.57 8.9
3 13.79  10.82 11.37 11.98

&
=3

*The term 2(ix | jf) in Egs. (13a), (13b) is evaluated by substituting the bare
potential for the screened potential. In the case of the triplet excitations, the
matrix elements contain no such term, so that the values of excitation energies
are equal to those of the case in which all terms in Egs. (14a), (14b) are evaluated
by use of the screened potential.

b All terms in Eqs. (13a), (13b) are evaluated by use of the screened potential.
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apparent deviation from the experimental value for the lowest *B/! state. The use
of the screened potential, however, gave better results (Table 2). Since the total
energy of the ground state was only 1 eV lower than that obtained from the bare
potential, the improvement of the ground state energy may not be sufficient for the

evaluation of the excitation energies.
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Table.3. Bfire and screened potentials for Bare* PPP®  [®Screened I'! Screencd
butadiene (in eV)
v 1731 11.35 1277 13.42
7, 933 719 1156 11.07
Vi3 .57 5.77 6.48 6.36
27=3.25, C,-C, 1.343 A, C,-C, 1.467 A, va  3.81 4.00 6.60 6.29
¥C-C,-C; 122.8°. These experimental  — 17.3] 11.35  13.56 14.17
values are taken from [207]. Y, 872 7.19 6.87 7.34

® Given by Parr [11].

3.2. Trans-Butadiene and trans-Hexatriene

The bare and screened potentials of butadiene are listed in Table 3. The screened
potential 7, is smaller than §,,. Semi-empirical methods, in which the potentials
are calculated from the function of two atomic distances, cannot describe this
correlation effect. The excitation energies of butadiene are given in Table 4.
Cooper and Linderberg pointed out that the use of bare potential for 2(ix | jB)
removes the over-estimation of the screening effect in a diagrammatic expansion [97].
However, this method gave poor excitation energies of butadiene and hexatriene
(Table 4).

Various potentials in hexatriene are illustrated in Fig. 3. It was found that when
the distance between interacting electrons is shorter than the nuclear distances, the
screened potential strongly differs from the bare potential. In this region, the bare
potential is local and varies very rapidly with the distance between the interacting
electrons, while the screened potential is nonlocal, slowly varies and is quite suitable
for a HF calculation. For large distances, the screened potentials become wavy,
because the effective interactions are expanded by particle-hole propagators which
are applicable to the electron gas. The same tendency appeared in the application
of Little’s method to conjugated polyenes [22]. Table 5 presents several lowest
excitation energies of hexatriene.

Table 4. Excitation energies for butadiene (in eV)

I3 Screened I'* Screened
iz |jp) Al Aix [jB) All
Bare PPP Bare screened Bare screened Exp.[2!

1, 6.55 489 834 5.01 7.99 5.26 5.92
11.68 9.26 13.14 12.25 12.78 11.94

l,, 8.89 6.48 10.34 6.61 9.88 7.19
9.03 6.60 10.69 10.34 10.42 9.88

3, — — 3.73 2.97 3.22
9.58 7.68 11.36 10.85
3, — 286 4.81 435 4.91

8.89 6.48 10.34 9.88
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Fig. 3. Bare and screened potentials for
hexatriene; (a) bare potential, (b) I'!
1 2 3 b 5 6 7 screened potential, (¢) I'? screened po-
Distance(A) tential
Table 5. The lowest excitation energies for
Bare I®Screened I'!Screened Exp.2%! hexatriene (in V)
1, 542 443 4.53 5.00
893 680 7.42
L, 758 583 6.29
790 9.27 8.78
35, — 3.32 2.51 2.6
— 5.11 4.57
3, — 435 3.69
7.58 9.27 8.78

Table 6. Screened potential values for phenol (in eV)

The values in the upper triangle are I'* screened potentials, while the values in the
lower triangle are I'® screened potentials. Bare potentials are as follows; y,,=17.31,
712=9.09, 7,3=5.69, y,,=4.99, y,,=9.53, 7,,=5.82, y3,=3.88, y,, =343, y,,=
26.09. feo=—2.50, I,(0)=33.90, C-C 1.39 A, C-0 1.36 A.

3 2
< >]
4 7
5 6
1 2 3 4 5 6 7

12.77

1 11.47
2 8.57
3 7.49
4 7.69
5 7.49
6 8.57
7 7.34

8.76 7.00 7.08 7.00 8.76 7.86 1
12.34 8.75 6.87 6.99 6.91 6.82 2

12.49 8.69 6.91 6.99 5.63 3
10.96 12.34 8.69 6.87 5.91 4
8.54 11.10 12.49 8.75 5.63 5
7.34 8.46 10.95 12.34 6.82 6
7.56 7.37 8.46 11.10 18.75 7

7.39 7.56 7.34 8.54 10.96
6.97 6.20 6.54 6.20 6.97 16.87
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Table 7. The lowest excitation energies for phenol Barc I'® Screened I! Screened Exp.

(in eV)
1, 572 456 4.62 5.82124
735 5.69 6.19 6.93
ly, 459 4.60 4.69 4.59
7.54 581 6.29 6.70
3,, — 3.50 2.71 35412
348 437 4.23
3g, 3.16 407 3.98
418 504 5.05
3.3. Phenol

Table 6 contains the bare and screened potentials of phenol, and Table 7 contains
the corresponding excitation energies. As shown in the other molecules presented
in this study, the I’ screened potential gave more adequate values than the [
ones for the triplet excitation energies.

4. Conclusion

The effective interaction was expanded by the polarization propagators whose
vertex parts correspond to either the singlet or the triplet excitation, and the
excitation energies of the m-electron systems were calculated. The one-center
screened potential, 7, ,, was calculated to be much smaller than the bare potential,
711~ The two-center screened potential, §,,, decreased with the distance between
r and s more slowly than the bare potential, v, . These results show that n-electrons
move nonlocally in a molecule.

The Coulson-Rushbrooke theorem in alternant hydrocarbons broke down [7, 22]
in Little’s method, because of insufficient consideration of the correlation effects.
There was, however, no such case in the present screened potential calculation.
Excitation energies calculated by the present screened potential method were in
good agreement with the observed values, and the triplet instability which appeared
in the RPA calculation was removed. The I"? screened potential was more effective
for the triplet excitations than ['!. However, the large difference between the two
potentials was not found in the case of singlet excitations.
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